Abstract. In the article, the noted Darboux's formula of functions with single variable is generalized to that of functions of two independent variables with integral remainder, some important special cases of Darboux's formula of functions with two variables are obtained, and some estimates of the integral remainders and Darboux's expansion of the function ln(x + y) are given. These results generalize A. Sard's formula in numerical integration.
Introduction
The well-known G. Darboux's formula of functions with single variable was given in [13, p. 217] , which can be modified slightly as follows Theorem A. Suppose f (x) is defined on an interval I ⊂ R and f (n) (x) is absolutely continuous on I. Let P n (t) be a polynomial of degree n and the coefficient of the term t n equal a n and a ∈ I. Then
n n!a n Remark 1. If letting P n (t) = (t − x) n in (1.1), we can obtain the following Taylor's formula with integral remainder
Replacing P n (t) by P m+n (t) = (t − x) m (t − a) n in Theorem A, we have the following Theorem B (Obreschkoff's formula of functions with single variable [13, p. 218] ). Suppose that f (x) is defined on an interval I ⊂ R and f (m+n) (x) is absolutely continuous on I. Let a ∈ I, then
Remark 2. Theorem B can be applied to obtain H. Padé approximations of the functions e x , x α , ln x, and arctan x. See [12, p. 191-205] .
In this paper, we will adopt the following notations used in [11] :
∂x i ∂y j , f (0,0) (x, y) = f (x, y), f (i,j) (α, β) = f (i,j) (x, y) (x,y)=(α,β) .
( 1.4) where i, j ≥ 0 are integers and (α, β) ∈ D ⊂ R 2 . A. H. Stroud has pointed out in his celebrated book [11, p. 138 ] that one of the most important tools in the numerical integration of double integrals is the following Taylor-like expansion due to A. Sard [10] :
Theorem C (Sard's formula of functions with two variables [11, p. 138 and p. 157] 5) where i, j are nonnegative integers, p, q are positive integers, and m = p + q.
In [3] , some new Taylor-like expansions of functions with two independent variables and estimates of their remainders are established.
In this paper, we generalize G. Darboux's formula of functions with single variable in Theorem A to that of functions with two independent variables as follows.
Theorem 1 (Darboux's formula of functions with two variables).
is continuous on D for 0 ≤ i ≤ n and 0 ≤ j ≤ m. Let P n (t) be a polynomial of degree n with coefficient a n of the term t n and Q m (s) a polynomial of degree m with coefficient b m of the term s m . Then
where
Further, we discuss some important special cases of G. Darboux's formula (1.6) for functions with two independent variables and give some estimates of the integral remainders. As an application, we calculate G. Darboux's formula of the function ln(x + y) finally.
Proof of Theorem 1
Applying Theorem A to the function f (x, y) with respect to the variable x yields
Similarly, applying Theorem A to the functions f (a, y), f (k,0) (x, y), f (k,0) (a, y) and f (n+1,0) (t, y) with respect to the variable y gives us
3)
Substituting formulas (2.2), (2.3), (2.4), and (2.5) into (2.1) and rearranging leads to
The proof is complete.
Some special cases of Theorem 1
In this section, we will deduce some special cases of Theorem 1.
Definition 1 ([2]
). Let P k (t) be a polynomial such that
then we call P k (t) a harmonic polynomial or an Appell polynomial.
It easy to see that the following proposition holds.
Proposition 1. Let P n (t) be an Appell polynomial of degree n and the coefficient of the term t n equal a n . Then a n = 1 n! .
Theorem 2 (Harmonic Darboux's formula of functions with two variables). Let
Proof. Let P n (t) and Q m (s) be harmonic polynomials and
in Theorem 1, then Theorem 2 follows.
Proof. Taking P n (t)
in Theorem 1 leads to Theorem 3 straightforwardly.
Remark 3. If letting P n (t) = (t − x) n and Q m = (s − y) m in Theorem 1, or equivalently, taking λ = 0 and µ = 0 in Theorem 3, then A. Sard's formula of functions with two independent variables, Theorem C, follows. Therefore, Theorem 1 generalizes the noted A. Sard's formula for functions with two independent variables, Theorem C, which is also stated in [3] and [11, p. 138 
14)
where [4, 5, 6, 7, 9] recently.
Lemma 1 ([1, 23.1.5] and [8] ). The following identities hold 
6] and [8]). The following identities hold
18)
Proof. Taking
in Theorem 1 and considering Lemma 1, Lemma 2, Lemma 3 and
yields Theorem 4 easily.
Remark 5. It is easy to verify that the polynomials
satisfy Appell conditions
Thus, the polynomials P n (t) and Q m (s) in Theorem 4 are Appell's polynomials. If in Theorem 1 taking 
where m, n, p, q are nonnegative integers.
Proof. Taking P m+n (t) = (t −
, m by p + q in Theorem 1, considering a m+n = 1 and b p+q = 1, and emploiting Leibnitz's formula for derivative yields
further, combining the following combinational identities
with Theorem 1, then Theorem 4 follows.
Estimates of remainders
In this section, we shall give some estimates for remainders stated in above sections. The following lemmas are necessary.
Lemma 4 ([1, 23.1.12]). We have the following
Theorem 6. Under conditions of Theorem 1, the remainder (1.10) can be estimated as follows:
where p > 1 and 
where p > 1 and
3) and (4.4) and considering a n = 1 and b m = 1 yields estimates (4.7) and (4.8). The estimate (4.9) follows from Hölder's inequality of double integral.
Theorem 8. Under conditions of Theorem 4, the remainder (3.24) can be estimated as follows: 
Considering (4.12) yields
Theorem 9. Under conditions of Theorem 5, the remainder (3.31) can be estimated as follows:
Proof. This follows from (4.3) easily.
Examples
Let f (x, y) = ln (x + y). By direct compution, we have 
